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Partition Analysis and the Concept of Net Rate Constants as 
Tools in Enzyme Kinetics? 

W. W. Cleland 

ABSTRACT: Analysis of partitioning is used to calculate 
net rate constants for chemical reaction or transfer of label, 
and these net rate constants are used to compute V ,  V/K, 
and rate expressions for isotope exchange and isotope parti- 

S i n c e  the pioneering work of King and Altman (1956) en- 
zyme kineticists have had the tools to derive steady-state 
rate equations for quite complex mechanisms, and these are 
easily simplified and rearranged to yield expressions for the 
Vs and the various Michaelis and inhibition constants (Cle- 
land, 1963). It is often useful, however, to be able to write 
the expression for V or V/K down directly without deriving 
the full rate equation, particularly when one wishes to in- 
crease the number of intermediate steps, and thus the num- 
ber of total rate constants in the mechanism. For example, 
the recent discovery of Northrop (1975) that the true value 
of the isotope effect on the bond-breaking step in an  enzy- 
matic reaction can be calculated from the observed deuteri- 
um and tritium isotope effects on V/K, and that the rela- 
tionship between rate constants for steps before and after 
the bond breaking one can thus be deduced by analysis of 
the observed isotope effects on V and V/K, increases the 
need for a rapid method of directly writing down expres- 
sions for V and V/K for various possible mechanisms. It is 
the purpose of this paper to show how partition analysis and 
the concept of net rate constants can be used to accomplish 
this, as well as to provide kinetic expressions for other situa- 
tions such as isotope partition and isotope exchange studies. 

Theory 
Enzymatic reactions consist of a sequence of interconver- 

sions between various enzyme forms, with the starting en- 
zyme form being regenerated a t  the end of each catalytic 
cycle. Many of these steps are reversible, and unless K is 
very large, only release of a product a t  zero concentration 
(as when measuring initial velocities) or addition of a sub- 
strate a t  infinite concentration (saturation) can be consid- 
ered irreversible. If, however, for any step we substitute for 
the true rate constants in forward and reverse directions a 
“net rate constant” which is the rate constant that would 
produce the same flux through the step if it were irrevers- 
ible, we will reduce the mechanism to one with consecutive 
irreversible steps. Thus mechanism 1 can be reduced to 
mechanism 2 by computing net rate constants (indicated by 
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tion studies. These methods are simple and save consider- 
able time over the methods currently employed to derive ki- 
netic equations for enzyme-catalyzed reactions. 

( 2 )  
kl‘ k3‘ k5’ E, - E, -E, + E,  

primes) by the method to be described below. The rate 
equation for such a modified mechanism is very easy to ob- 
tain, since the rate is equal to the concentration of any en- 
zyme form times the net rate constant for its reaction. Since 
the net rate constant represents the “conductance” of any 
step, more enzyme piles up in those enzyme forms with the 
lowest net rate constants, and we can compute the fraction 
of enzyme in any form in mechanism 2 as follows: 

l / k i ’  
l’k!’ + l,’k3’ + l / h j ’  

Since the rate is the concentration of any enzyme form 
times its net rate constant, it is clear that the rate is the re- 
ciprocal of sums of reciprocals of the net rate constants 
times total enzyme concentration, or for mechanism 2: 

This method is general, and will derive the rate equation for 
any mechanism consisting of consecutive steps without 
branched pathways (see below for how to handle these). 

Calculation of Net Rate Constants. For irreversible 
steps, the true rate constant and net rate constant are iden- 
tical, but for reversible steps, the net rate constant is the 
true rate constant multiplied by the proportion of the en- 
zyme form resulting from this step that partitions forward 
to yield products, as opposed to undergoing reversal. This 
proportion is given by the net rate constant of the following 
step, divided by the sum of the net rate constant for the fol- 
lowing step and the true rate constant for reversal of the 
step being considered. Thus for the situation: 

where kl and k2 are true rate constants, but k3’ is the net 
rate constant for conversion of E2 to E3, the net rate con- 
stant for conversion of E1 to E2 is 

k l ’ = k (  k ’ ) 
k ,  + h,‘ 
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For bimolecular steps, the product of reactant concentra- 
tion and bimolecular rate constant is used as the true rate 
constant. 

Equation 6 includes the net rate constant for the fol- 
lowing step, and thus it is clear that to calculate net rate 
constants one cannot start with the first step and move for- 
wards through the mechanism in the direction of material 
flow, but must first start with an irreversible step for which 
the net rate constant equals the true rate constant.’ One 
then moves back to the previous step and calculates the net 
rate constant for it by an equation analogous to eq 6. One 
then goes back to the step preceding this one, and so on 
until net rate constants are calculated for each step. By 
working backwards in this fashion, the net rate constants 
for the following steps are always known and the expression 
given by eq 6 can always be evaluated. For example, in the 
following sequence: 

the net rate constants for the three steps, from right to 
left, are: 

Calculation of V. To calculate V ,  one lets all substrate 
concentrations become infinite (or for apparent V, just the 
variable substrate concentration) and determines the net 
rate constants for all steps in the mechanism. As indicated 
by eq 4, Vis then the reciprocal of the sum of reciprocals of 
the net rate constants, multiplied by enzyme concentration 
[E,]. For example, in mechanism 7 saturation with A makes 
the net rate constant for the first step infinite, and thus: 

Calculation of V/K. V/K is the apparent first-order rate 
constant for reaction of enzyme and substrate to give prod- 
ucts when the substrate is at very low concentration. Since 
it is the rate a t  very low substrate concentration divided by 
substrate concentration (that is, V/K = limA-o( V/ [A])), 
we can calculate V/K by determining the rate from eq 4 
with net rate constants evaluated at very low substrate con- 
centration, and then divide by substrate concentration. 
When we do this, however, we see that only those net rate 
constants having the variable substrate concentration as a 
factor will contribute to the result. This is because the sub- 
strate concentration is near zero, and thus the reciprocals of 
net rate constants which include this factor are much larger 
than the reciprocals of those which do not. As a result we 
can use a shortcut method for evaluating V/K by multiply- 
ing together the net rate constant for the step where the 
variable substrate combines and the concentration of the 
enzyme form with which it combines (this will be [E,], or if 

’ If there is no irreversible step in the mechanism (that is, all prod- 
ucts are present in finite concentration), but actual thermodynamic re- 
versal can be ignored, the net rate constant for a given step is calculat- 
ed by considering the previous step to be irreversible, and working back 
from there to the step being considered, calculating net rate constants 
for each step along the way. Only this final net rate constant is then 
valid; the intermediate ones are not. This process must be done sepa- 
rately for each step in the mechanism, and as a result the method de- 
scribed in this paper, while it works, does not save much time over con- 
ventional methods such as that of King and Altman (1956) in these 
cases. 

other substrates have previously combined, that proportion 
of Et that is in the proper form to combine with variable 
substrate), and dividing by substrate Concentration. In 
mechanism 7, for example, the net rate constant for addi- 
tion of A is given by eq 8 as: 

k k3  k , [ A ]  
ki’ = kz(k4 + k , )  + k3k5 ( 1 0 )  

and at low A all of the enzyme will be in the E1 form, so 
that: 

For the following mechanism: 

( 1 1 )  

( 1 2 )  

the net rate constant for addition of B is: k3[B]ks/(k4 + 
kS), while a t  very low B if A is not saturating: kl  [A] [El] = 
k2[E2], so that: 

The apparent value of V/K for B at  finite A is then: 

( 1 3 )  

If A is saturating, [E21 = [E,], and V/K = k3ks[Et]/(k4 + 
Net Rate Constants in Branched Pathways. For random 

mechanisms, or other mechanisms with alternate pathways, 
special care must be taken in computing net rate constants 
for the parallel pathways, and at the branch points. For ex- 
ample, in the following mechanism: 

k d :  

one might expect that the net rate constant for breakdown 
of E3 would be (kS + kg), and for purposes of computing 
the net rate constant for the previous step this is correct. 
Thus: 

k,’ = k,&, + kL?)/(k, + k ,  + k,)  (16) 

However, in calculating the rate, one must take into ac- 
count k7 and k l l  as well as kS and k9, and it is not correct 
to consider the conductance through the top path to be the 
reciprocal of the sums of reciprocals of ks and k7, and that 
through the bottom path to be the reciprocal of sums of re- 
ciprocals of kg and kl l ,  and then to add these conductan- 
ces. Such a procedure ignores the fact that the parallel 
paths must compete for the available enzyme, and thus that 
the flux through each will be less than if that path were the 
only one operative. The actual net rate constant for the con- 
version of E3 to E1 in mechanism 15 is (see below for the 
logic involved in deriving this expression): 

k 5  + k 
k 5 9  ” = 1 + ( k 5 / k 7 )  + ‘ ( k q / k t l )  

Thus one would calculate V for mechanism 15 from the fol- 
lowing equation (remembering that kl’ will be infinite, and 
thus its reciprocal will not contribute): 

v = [ E t I / ( l / k 3 ’  + l / k j , $ 9  (18) 
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In calculating V/K, however, one uses the net rate con- 
stant k,’, which is: kl[A]k3’/(kz + k3’), so that: 

If k2 >> k3’, the expression for V/K reduces to the ratio of 
k3’[Et] and Ki, (the dissociation constant of A, which 
equals k d k l ) ,  but V is not necessarily equal to k3’[Et], nor 
K ,  to Ki, in such a situation. 

If the conversion of E3 to E4 is reversible (for instance if 
it involves release of product P present a t  finite concentra- 
tion), then k5 must be multiplied by a partition factor that 
represents the proportion of E4 that reacts in the forward 
direction, and thus ks is replaced in eq 16, 17, and 19 by 
k5k7/(k7 + k,[P]), where kg is the rate constant for con- 
verting E4 back to E3. If the conversion of E3 back to El in- 
volves more than two steps in each path, as in mechanism 
20, eq 16 is not changed, but the denominator of eq 17 in- 

cludes k5 multiplied times the reciprocals of all subsequent 
rate constants in that path (Le., a ks/kls term is added), 
and kg multiplied times the reciprocals of the rate constants 
in the lower path (a kg/kl3 term is added). 

One can rationalize the form of these equations as fol- 
lows. In mechanism 2 0  the apparent net rate constant for 
flow from E3 to El through the top path in the absence of 
the bottom one would be given by:2 

appl?j , - , l i ‘  = 1/(1/k? + 1/k- + l / k l i )  (21) 

where l /ks  represents the amount of enzyme in E3, l /k7 
the enzyme in Eq, and 1 /k l s  the amount in E,. In the pres- 
ence of the lower path, however, one must allow for enzyme 
piled up as E5 and E7. The concentration of these two forms 
depends on the relative flow through the two paths, which 
depends in turn on the ratio of k9/k5 Thus we must add 
(kg/ks)(l/kl I + l /k l3 )  to the denominator of eq 21 to get: 

Similarly, the apparent net rate constant for flow through 
the bottom path is: 

app 17 r i ,  1, = 

Addition of these two expressions which have the same de- 
nominator gives: 

We are applying the same logic used in eq 4, where V/[E,] was the 
apparent net rate constant for one catalytic cycle (from EI back to El 
in mechanism 2) .  The method described in this paper is basically one of 
determining a net rate constant for the entire mechanism which can be 
multiplied times [E,] to give the rate. 

Isotope Partition Experiments. Rose et al. (1974) have 
recently introduced an isotope partition technique applica- 
ble to random mechanisms, or the first substrates in ordered 
cases, in which enzyme and labeled substrate are incubated 
together so that all of the enzyme is bound as a binary com- 
plex, and this solution is then diluted into a larger volume of 
solution containing a large excess of unlabeled substrate, 
plus variable amounts of the other substrate. Reaction is 
stopped after several seconds and the amount of radioactive 
product is determined. From a reciprocal plot of labeled 
product vs. concentration of the other substrate in the dilut- 
ing solution, one can calculate the rates of dissociation of 
the labeled substrate from the binary and ternary com- 
plexes relative to V/[E,]. In mechanism 2 5 ,  one is inter- 

kdB1  

k, 
EA* T- EX*B A E + P* 
k sh- ( 2 5 )  

E -t A* EB + A *  

ested in what proportion of EA* reacts with B to give P*, 
and what proportion dissociates A*, which then is diluted 
by the unlabeled A in the diluting solution. 

The net rate constant for conversion of EA* to EA*B is 
given by: 

k , ’  = kl[Bl(kS + k , ) / ( h ,  f k ,  + 12;)  (26) 

and the proportion of EA* giving P* is then the product of 
the proportion of EA* going to EA*B (which is k3’/(k2 + 
k3’)), and the proportion of EA*B giving P* (which is k5/ 
( k s  + k7)): 

In reciprocal form: 

By the rules given earlier, for mechanism 25:  

I’ = k,[E,], T’/K, = k , k j [ E , ] / ( k ,  + k.,) 

( A  is saturating for this calculation), and thus Kb = (k4 + 
k5)/k3. Comparison of P*max with Et then allows calcula- 
tion of the ratio of k7 to V/[Et]: 

(29) 

From the ratio of K’ and Kb one obtains limits on the ratio 
of k:. to V /  [Et] : 

In an ordered mechanism (where k7 = 0), or in a random 
one where k7 << k5 (as has been shown for yeast hexokinase 
by Danenberg and Cleland (1975)): 
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k ,  K’ 
V / [ E , I = K ,  

Note that these equations, which do not describe a steady- 
state situation, but rather the fate of EA* during a single 
turnover, are easily obtained by partition methods, as here 
(and as was done by Rose et ai. (1974)) but would be diffi- 
cult to derive by integration of the differential equations de- 
scribing the system (see the Appendix of Rose et al. 
(1974)). 

Isotope Exchange. Since the work of Boyer (1959), mea- 
surement of the rates of isotope exchange between reactants 
has been a very useful tool for studies of enzymic mecha- 
nisms. Rate equations for isotope exchange are easily de- 
rived by a schematic method (Cleland, 1967), but they may 
also be derived by using partition theory to calculate net 
rate constants for the movement of label as follows. In any 
isotope exchange experiment, labeled reactant will add to 
an unlabeled enzyme form to give a labeled enzyme form, 
and then labeled product is released after a number of steps. 
To compute net rate constants for label transfer, one starts 
with the step for release of labeled product, and works 
backwards, calculating net rate constants for each step as 
described earlier until one reaches the step where labeled 
reactant adds. The net rate constant for this step, multiplied 
by the concentration of the enzyme form to which the la- 
beled reactant adds, is the initial rate of isotope transfer 
from reactant to product. For example, in the following 
scheme: 

(32) 

which describes the hydrolysis of A to P and Q in the pres- 
ence of labeled P*, but absence of Q, the net rate constant 
for release of A* is k2, while that for converting E3 to E2 
(addition of P*) is: (k4[P])k2/(k2 + k3). The rate of ex- 
change from P* to A is then: 

k l l A 1  k, k5 
El e E 2  E, --+ E, 

k2 k P  

(33) 

Since the system is not at equilibrium, but rather in a 
steady state, the concentration of E3 can be obtained by cal- 
culating net rate constants for the chemical reaction in the 
forward direction: 

k,’  = k 5 

(34) 

and then determining the distribution of the enzyme among 
the various forms on the basis of the resistance to flow in 
each step, as was done in equation 3: 

(35) 
[E2]/[Et] is l/k3’ over the same denominator, and [El]/ 
[E,] is l/kl’ over the same denominator. Substitution of eq 

35 into eq 33 gives the rate of isotope exchange from P* to 
A: 

V*P-A = kikzk ,k4[AIEPI[E,I / (k ,  + k3)A  (36) 
where A is the denominator of the last part of eq 35. 

Since the reactants in mechanism 32 are not a t  equilibri- 
um, the rate of A* - P transfer will not equal the rate of 
P* - A exchange (nor will it equal the rate of chemical 
reaction). To  evaluate A* - P transfer, we calculate net 
rate constants for the steps involving label as follows: 

k3‘* = k3 

k i t*  = k i [ A ] k 3 / ( k 2  + k3) (37) 

Note that these net rate constants do not equal those for the 
chemical reaction given by eq 34. The initial rate of isotope 
transfer from A* to P is then: 

Y*A-P = k l k , [ A I [ E i I / ( k ,  + k,)  (38) 

and since from eq 34 the equation analogous to 35 is: 

( k ,  + k 3 ) k ,  + k ,k ,P  
A (39) 

where A is again the denominator of the last part of eq 35 

The second term here is the same as the rate of P* - A ex- 
change (eq 36), while the first term is the net chemical rate 
in the forward direction (= k5 [E3]). 

Exchange in Ping Pong Mechanisms. When isotope ex- 
changes are measured for ping pong mechanisms, the sys- 
tem is generally a t  equilibrium, since only the reactants 
from one-half of the reaction are usually present. For exam- 
ple, in mechanism 41: 

3 kiLA1 k 

E l  ( 4 1 )  

the exchange between A and P can be measured in the ab- 
sence of the reactants involved in converting E3 back into 
El through the second part of the ping pong scheme. To cal- 
culate the rate of A* - P exchange, one determines net 
rate constants for label transfer: 

,$,I* = k3 

E1 = E, e E, +-z* 

k2 k q l P l  

and then calculates the rate as: 

~ * A - P  = k l ’ * [ E l ]  = k l k , [ A ] [ E , ] / ( k ,  + k,)  (43) 

Since the system is a t  chemical equilibrium, the method of 
eq 3 and 35 cannot be applied, but rather one uses the rule: 

(44) 

where there is one term in the denominator for each enzyme 
form present, and Keq i is K,, for the step for converting Ei 
into Eli+*. In the present case we have: 
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and substituting the second form given into eq 43 gives: 

The rate of P* - A exchange must equal the rate of A* - 
P exchange, since the system is at equilibrium. 

Exchange at Equilibrium in Sequential Mechanisms. A 
similar approach can be applied to sequential mechanisms 
where all reactants are present and the system is at chemi- 
cal equilibrium. Equation 44 still applies, except that with 
the same number of terms in  the denominator as there are 
enzyme forms, the rate constants for one step (the conver- 
sion of the last enzyme form back into Ei) will not appear in 
this denominator. 

Discussion 
As described above, the calculation of net rate constants 

by partition methods allows one to write down directly a 
large number of useful kinetic expressions and rate equa- 
tions. Thus V is & times the reciprocal of sums of recipro- 
cals of the net rate constants when all substrates are satu- 
rating, and V/K is normally Et times the net rate constant 
for combination of enzyme and substrate, divided by sub- 
strate concentration, when substrate level is very low. The 
net rate constant for combination of labeled reactant with 

enzyme, multiplied by the concentration of that enzyme 
form, gives the rate of isotope exchange, either in the steady 
state or at equilibrium. The technique works equally well 
for situations in the steady state, a t  equilibrium, or in a sin- 
gle turnover, as with the isotope partition example. No  
doubt further applications will become apparent with time. 
In this laboratory this technique has become the method of 
choice for routine derivations where it is desired to deter- 
mine quickly the result of expanding a mechanism by add- 
ing extra steps with extra rate constants associated with 
i ’m, and an immense amount of time has been saved 
t .reby. Hopefully this paper will serve to make the method 
equally available to others with an interest in enzyme kinet- 
ics. 
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A Study of Protein-Sodium Dodecyl Sulfate Complexes by 
Transient Electric Birefringence? 

A. Kent Wright,* Michael R. Thompson, and Ronald L. Miller 

ABSTRACT: The method of transient electric birefringence 
has been applied to study the conformation of protein-sodi- 
um dodecyl sulfate complexes. A model of a deformable 
prolate ellipsoid has been proposed for the protein-dodecyl 
sulfate complex. This model is compared to the models pro- 
posed by J. A. Reynolds and C. Tanford ((1970), J .  Biol. 
Chem. 245, 5161) and K.  Shirahama, K.  Tsujii, and T .  

T h e  generally accepted basis for molecular weight deter- 
mination of proteins by sodium dodecyl sulfate gel electro- 
phoresis has been proposed by Reynolds and Tanford 
(1 970), who studied the hydrodynamic behavior of several 
protein-sodium dodecyl sulfate complexes by means of in- 
trinsic viscosity. Their data suggested that the complex is a 
rod-like particle, the length of which varies uniquely with 
the molecular weight of the protein moiety. 
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Phys. Chem. 60, 

2644. 
and Bar-Tana. J. 

Takagi (( 1974), J .  Biochem. 75, 309). Differences between 
these latter two models are resolved by the model presented 
here. In addition, it has been demonstrated that protein mo- 
lecular weights may be obtained from the slow relaxation 
time for transient electric birefringence of protein-dodecyl 
sulfate complexes. 

The simplest model suggested by their data is a prolate 
ellipsoid, with constant semi-minor axis, and a semi-major 
axis which is proportional to the molecular weight of the 
protein moiety. The average value of the semi-minor axis is 
18.1 A with a range of 3.4 8, for 12 protein-dodecyl sulfate 
complexes at the binding level of 1.4 g of dodecyl sulfate/g 
of protein. The semi-major axis varies linearly with molecu- 
lar weight over the range studied: cytochrome c ( 1  1,700) 
44.8 8, to bovine serum albumin (69,000) 230.5 A. 

Recently, Shirahama et al. (1974) have proposed an al- 
ternative model of protein-dodecyl sulfate complexes, 
which they call the “necklace model”. In this model, the 
polymer chain is flexible and micelle-like clusters of dodecyl 
sulfate are scattered along the chain. The authors state that 
the necklace model is at variance with the ellipsoid model in 
the following points: (1) the former is flexible and free- 
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